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ABSTRACT
The expected value of the second time derivative of the period of
NP0532 is given and possible relations with existing magnetic dipole models
are outlined. The amount of gravitational radiation to be expected is esti-
r
mated.
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In a fundamental article  John A. Wheeler pointed out some possible
relations between the physics of neutron stars, 2 the emission of gravita-
tional waves, 3 the supernova explosions and the problem of the source of
energy in supernova remnants. As an example he analyzed these problems
in the case of the Crab Nebula; he showed how the residual energy of the
neutron star could be, due to suitably shaped magnetic field, an important
source of power. He also analyzed as a prime emitter of gravitational radia-
tion the quadrupole modes of oscillations as well as the coupling between the
radial and quadrupole modes of vibrations due to the oblateness of the neutron
star. The amount of gravitational radiation emitted by such mechanism, he
showed, could be as high as 10 4 erg/cm 2 /sec passing the Earth even sup-
posing the source to be 10 4 pc. away.
The recent discovery of pulsars  and later the astonishing observa-
tions of NP0532 5 in the Crab Nebula have given new vigor to theoretical work
in,this field.
Among the questions that are often asked, few are more interesting
than the following: 1) What keeps the period of the pulsars so sharply well
defined? 2) Which is. the cause of the slight variation of this period?
3) Are the pulsars emitting gravitational waves and, if so, how much?
4) How useful would be an accurate knowledge not only of the period anew
its first derivative, but also of the second derivative? 5) Could this new
information discriminate between existing theories?
s
i
The generally accepted answer to the first question was proposed by -
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Thomas Gold. 6 He suggested that the great stability of the intrinsic period
could be explained by assuming that the pulsar emission mechanism is re-
	
lated to the rotation of a neutron star. 	 Based on this hypothesis, rrany
models have been advanced; among others F. Pacini' 7 and J. Gunn and J.
Ostriker 8 have developed a particularly simple one which gives some well
defined predictions that may be tested observationally. Their work assumes
for the neutron star the oblique rotator model developed by Deutsch 9 (which
he a rlied to the case of magnetic stars).
In the model of Pacini the hypotheses are the following: a) A ro-
tating neutron star; b) time independent oblique dipole magnetic field;
c) the loss of rotational energy is only due to electromagnetic radiation
emitted by the dipole field. It is then easy to compute the value of the
second derivative of the period for the Crab Nebula pulsar today.
We assume for the period of the Crab pulsar P = 0. 033090 sec and
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for its first derivative P = 4.2257x 10 	 The rotational energy loss is
d 1	 2	 aI 4
dt (z IW ) _ - 2 W	 (1)
2	 3
where a = 4m /3c , m is the component of the magnetic moment perpen-
dicular to the rotation axis, and I is the moment of inertia. We obtain:
2
P = - PP = - 0. 014703 nseclyr/day
From the age of the Crab, T = 915 yr, we can even compute the initial value
of the angular veiccity:
i
WIN = w0(1-aW02T) 2 = 370. 159 rad/sec	 (2)
n
zs
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where w 0 is the angular velocity today.
The model of J. Gurin and J. Ostriker can be considered a generali-
zation of that given above. Their main hypotheses are the following: a) a
rotating neutron star; b) an oblique dipole magnetic field, eventually weakly
time dependent; c) a mass quadrupole moment due to an eccentricity e in
the equatorial plane of the star constant in time; d) the loss of rotational
energy is due to electromagnetic and gravitational wave emission. We have
now new degrees of freedom and we can correspondingly determine a range
of possible values for the second derivative of the period.
Let us consider first the case of a constant magnetic dipole moment.	 !i
In the particular case of pure electromagnetic radiation (e = 0) we have as 	 jii
before P = - 0. 014703 nsec/yr/day. Let us analyze the opposite limiting
case--namely null magnetic dipole--and see if we can still explain the slow-
ing down of the period. From Landau and Lifschitz H we have the formula:
dE
dt	 G 5 Da^i
 i5	 (3 )
45c
recalling that for an ellipsoid with principal axes a, b, c we have:
2a 2 -b 2 -c 2 	0	 0
	D0 = M	 0	 2b2-a2-c2
	 0	 (4)
0	 0	 2c2-a2-b2
 )
Applying the rotation operator R(z) around the z-axis and differentiating
three times with respect to time, we obtain:
	
D	 Da(3 = 288 M2(a2-b2)2 w6	 (5)Cep	 25
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For a ^- b:
D R 
D `xp = 288 I 2 e 2 w 6	(6)
where I is the moment of inertia of the ellipsoid around the z-axis and
e = (a-b)/Fa-b.12
Assuming now that the loss of rotational energy is 2Lly due to gravi-
tational radiation, it follows:
dt (1 IW2) 	 I w6	 (7)
where p _ 576 G5e2 From equation (7) and the known values of P and
45c
P we obtain:
•2
3 P = - 0. 044111 ns e c /yr / day 	 (8)
This value for the second derivative of the period is perfectly justified,
if we assume that e be constant at the present (but not necessarily for
all time). We can fix the absolute upper limit to the possible amount of
gravitational energy emitted by rotation from the Crab pulsar today. Namely
dE _ - 4. 599 x 10 7 I ergs/sec
If we make the more restrictive assumption, as in Gunn and Os-
triker, 8 of e being constant we would be forced to reject this value of P.
In fact from the formula for the age:
w
T =	 1	 Cl - ( 0	 ) 4 I	 (9)
4(P/P)0
	
IN
it is clear that even for w 1 = oo we could only obtain an age of about 621
years for NP0532, that is - 300 years less than the required value: However,
we would like to emphasize that there is no physical reason whatsoever that
forces a be constant in time.
r-6-
Let us study now the case in which both electromagnetic and gravi-
tational radiation are present. We will assume m and a constant in time.
The decay of rotational energy is given by the following expression:
dt ( 1 Iw2)
	 21— w4 - E w6	 (10)
from which we find:
	
2	 2 Z i( C'W O
 
+(3w 0 wT= a	 1 2 	 2+ lg 	
Z 2	 I	 (11. 1)
w 0 	 w1N	
awIN+pw0 
wI 	 J
(P ) 0 = 2 w02 	 + P w04	 (11.2 )
(P ) 0 = - (P) 0 I (P) 0 + Pw 0 4	 (11.3)
The known quantities are the present angula- velocity w 0 , the period PO
and its first derivative P 09 as well as the age T. We have determined by
computer analysis the range of variations of a, (3, P O and wIN (the initial
angular velocity of the rotating neutron star). T}.e numerical results are
:-epo:ted in Table I and Fig. 1. The limits found for the second derivative
are:
- 0. 014703 > P > - 0. 021038 nsec/day/year . 	 (12)
The upper limit corresponds to an absence of gravitational radiation, the
lower limit to the maximum flux of gravitational radiation allowed in this
model. This maximum value is (E	 /E j = 0. 2758. Therefore a measure-grav em 
ment of the second derivative in the range given by (12) would certainly sup-
port this model and also would allow us to evaluate the amount of gravita-
UW
tional, as well as electromagnetic energy emitted by the pulsar.
However. this would give us neither the strength of the magnetic field
nor the value of the eccentricity. In fact for this purpose it would be neces-
sary to know the radius and the moment of inertia of the star. Unfortunately
very little is known about the equilibrium property of a rotating neutron star.
With the simplifying assumption of uniform, axially symmetric configura-
tion (therefore no emission of gravitational radiation) we have a first post-
z
Newtonian solution due to Hartle - and Hartle and Thorne. 4 To give the
order of magnitude of the magnetic field and of the eccentricity we have
adopted the rotating models of Hartle and Thorne as reported in Table II.
We have used these figures in the region:
i
W
	 (
GM
	 (13)
R
i. e. when the pest-Newtorian approximation applies.
In Figs. 2 and 3 we give the values of e and B both for the Harris on-'rhorne-
"Nakano-Wheeler and the Tsuruta-Cameron rotating equilibrium configurations.
How good is the approximation of assuming the magnetic field con-
•	 stant during a;l the lifetime of the Crab? L. Woltjer 15 and J. Ostriker and
J. Gunn 16 pointed out that the initially present magnetic field would be ex-
pected to decay on a time scale of ­ 10 6  years. If we believe that the re-
sistive decays of the field be the only mechanism for change, then. this ap-
proximation can be considered quite good. On the contrary the assumption
of taking the eccentricity a constant in time seems to be a much more
critical hypothesis and, moreover, we do not see a satisfactory physical
I
I
rt'	 -.?r+sa	 sn+^	 +ice	 +^w^► 	 iF^ - s	 !E7
reason to explain its presence. If we want in fact to explain even an eccen-
tricity as small as 10 -4 by the effect of the anisotropic magnetic pressure,
i	 we would need B — 10 15 gauss: With this field strength certainly other phe-
nomenz. take place (vacuum polarization, geon-like structure, etc. ). A
possible alternative explanation of the eccentricity could be found in a more
i
profound and fully relativistic study of the equilibrium configurations of
massive condensed rotating objects. 17 In conclusion, the forthcoming ex-
perimental result of the measure of the second derivative of the period of
NP0532 could be:
a) P O > - 0. 014 ,703 nsec/day/year; in this case an explanation on
the basis of an oblique rotator model will be impossible.
b) P O = - 0. 014703 nsec/day/year; this value would support the
model of F. Pacini and of J. Gunn and J. Ostriker in the case
of absence of gravitational radiation.
c) -0. 021038 < F' 0 < _ 0. 014 7 03 nsec/day/year; this result would
defnitely support the J. Gunn and J. Ostriker model with gravi-
tational radiation present and would give at the same time an
estimate of its strength.
d) P O < _ 0. 021038 nsec/day/year; in this case any theory based
on the oblique rotator would not be reliable.
e) P O = - 0. 044111 nsec/day/year; in this case assuming a time de-
pendent eccentricity in the past, we could explain the slowing
down as being due to the emission of only gravitational radiation.
-9-
Finally, we would like to point out that all the models usually con-
s
sidered are nonrelativistic (apart from the use of formula (3)). We are
convinced that this is a ;ery poor approximation and that any future reliable
pulsar model should take into serious account contributions due to both
special and general relativity.
ACKNOWLEDGEMENT
We wish to thank Dr. Edward P. Lee for a critical reading of this
manuscript. One of us (R. R. ) wishes to express thanks for the hospitality
of the Institute for Advanced Study.
3 ^
I I-jr
0
-10-
REFERENCES
1	 J. A. Wheeler, Ann. Rev. Astr. and Astrop?i. 4, 392 (1966). See
also A. Zee and J. A. Wheeler (to be published); J. A, Wheeler, in
Gravitation and Relativity, Chiu and Hoffmann (1964).
2	 For an extensive treatment see B. K. Harrison, K. S. Thorne, H.
Wakanu, J. A. Wheeler, Gravitation Theory and Gra •fitational Col-
lapse, Univ. of Chicago Press (1965); see also 1t. S. Thorne, in
Proceedings of the Summer School of Theoretical Physics, Les Houches,
Gordon and Breach (1967).
3. For recent progress or. gravitational waves see: J. Weber, Phys. Rev.
Letters 22, 1320 (1969) and references quoted there. Sce also K. S.
Thorne and A. Ciampolattaro, Ap. J. 149, 591 (1969) and A. Campolattaro
and K. S. Thorne, Ap. J. (to be published).
4. A. Hewish, S. J. Bell, J. D. H. Pilkington, P. F. Scott, R. A. Collins,
Nature 217, 709 (1968).
5	 R. V. E. Lovelace, J. M. Sutton, H. D. Craft, TAU Astrcnomical Tele-
gram Circular No. 2113 (1968); W. E. Howard, :A.' Astronomical Tele-
gram Circular No. 2110 (1968); W. J. Cocke, M. J. Disney, D. T. Taylor,
Nature 221, 525 (1969); G. Fritz, R. C. Henry, .i. F. Meekins, T. A.
Chubb and H. Friedman, IAU Circular No. 2141 (1969) and Science 164,
709 (1969
6. T. Gold, Nature 218, 731 (1968).
7. F. Pacini, Nature 219, 145 (1968).
8. J. E. Gunn, J. P. Ostriker, Nature 221, 454 (1969) (Phys. Rev. Letters
22, 728 (1969)).
9. A. J. Deutsch, Ann. d'Astroph. 1 8, 1 (1955).
10. We are indebted to D. Wilkinson and the Princeton Group for,this value.
11. L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields,
Pergamon Press (1962).
12. Formula (6) is different frum that used by Gunn and Ostriker in Ref. (8).
13. J. B. Hartle, Ap. J. 156, 1005 (1967).
-11-
14. J. B. Hartle and K. S. Thorne, Ap. J. 153, 807 (1968).
15. L. Woltjer, paper presented at the Fourth Texas Symposium on Rela-
tivistic Astrophysics, Dec. 1968.
16. J. P. Ostriker and J. E. Gunn. Do Pulsars Turn Off? Preprint,
Princeton University, July 1969.
17. See, i. e. , a series of papers by Chandrasekhar and Lebovitz in Astro-
physical Journal 1960-1966. A general relativistic study of the classical
Poincare resulis (see i. e. figures d;equilibre d'ure masse fluide, Paris,
Gauthier-Willars, 1902) is highly desirable today for a better understanding
of the Pulsar. Cf course,such a study should also take into account the e-
mission of gravitational waves. The change between different configurations
of equilibrium could account for sudden changes in the period of pulsars
as observed in PSR0833-45. Different configurations of equilibrium would
have different amount of emission of gravitational radiation, and therefore
di: ie rent rate ii. the cl^c rge of period.
TABLE I
p 3
	 6	
P
-20(x10	 sec	 /rad	 )(nsec /day/year)
.
(Egrav/Eem)today
 0. 00. 0 -0.014703
0. 0812 5 -0.015904 0. 0431 8
0.14327 -0.016832 0.07873
0. 19144 -0.017553 0. 10807
3
0.22944 -0.018122 0.13236
0.25982 -0.018576 0.15255
0.34642 -0.019869 0. 21413
0.38233 -0.020410 0.24189
0.41748 -0.020936 0.27013
0 42386 -0.021031 0.27539
0.42436 -0.0210386 0. 275805070. 159 1
	
0. 55475
01N	
a
(rad/sec) (x 10 15 sec/rad4
370.159 0.70775
390.159 0.67846
410.159 0.65610
430.159 0.63873
450.159 0.62503
470.159 0.61407
570.159 0.58293
670.159 0.56990
1070.159 0.55723
2070.159 0.55493
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TABLE II
Rotating Models of Harrison-Wakano-Wheeler
-from J. Hartle and K. Thorne-
M/MQ p	 g/cm 3c M	 /M	 R	 kmrot	 O	 rot
I moment of 43
	 2inertia x 10	 g cm
0.266 1. 0 10 14 0. 279
	
44.8 49.8
0.405
'
3. 0 10 14 0.457	 I	 24.9 44.6
0.554 1.0 10 15 0.644	 16.8 43.9
0. 661 3.0 10 15 0.768	 11.8 36.4
0.684 6. 0 10 15 0. 786	 9.7 25. 6
Rotating Models of Tsuruta-Cameron
-from J. Hartle and K. Thorne-
M /MO p	 gr'cm 3c M/Iv10
rot Rrot km
moment of
I inertia x 1043 g cm2
0.202 2.4 10 14 0.221 21.7	 12.8(
0.648 5. 0 10 14 0. 859 14.7	 51.9
51.400 1.0 10 1 1. 840 1 3. 3	 139.1
1.820 1.7 10 15 2.286 11.9
	
181.0
1. 950 3. 0 10 15 2. 340 10.2	 170. 2
;
I
FIGURE CAPTIONS
Fig. 1:	 We consider the J. Gunn and J. Ostriker model. As a function
of the initial angular velocity of the neutron star are given P,
a and $, determining the electromagnetic and gravitational out-
puts, and the ratio y of the gravitational to electromagnetic
energy emitted today.
Fig. 2: The eccentricities to be expected in the Gunn-Ostriker model
for different masses and radii are plotted as functions of the
initial angular velocity.
Fig. 3:	 The magnetic fields to be expected in the Gunn-Ostriker model
for different values of the mass are plotted as functions of the
initial angular velocity.
TABLE CAPTIONS
Table I: The possible range of values of P, the corresponding second de-
rivative of the period of NP0532, is gi,ren ir, the Gunn-Ostriker
model. Correspondingly, the initial angular velocity of the rotating
neutron star, a and ^, determining the electromagnetic and
gravitational outputs, and their ratio, are given.
Table II: The figures used for mass, radius and moment of inertia of the
rotating neutron star are given. See J. Hartle and K. Thorne in
Re:	 (14).
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